The motion of classical spinning test particles in the equatorial plane of a Kerr black hole is considered for the case where the particle spin is perpendicular to the equatorial plane. We review some results of our recent research of the innermost stable circular orbits (ISCO) [1] and present some new calculations. The ISCO radius, total angular momentum, energy, and orbital angular frequency are considered. We calculate the ISCO parameters numerically for different values of the Kerr parameter a and investigate their dependence on both black hole and test particle spins. Then we describe in details how to calculate analytically small-spin corrections to the ISCO parameters for an arbitrary values of a. The cases of Schwarzschild, slowly rotating Kerr and extreme Kerr black hole are considered. The use of the orbital angular momentum is discussed. We also consider the ISCO binding energy. It is shown that the efficiency of accretion onto an extreme Kerr black hole can be larger than the maximum known efficiency (42 %) if the test body has a spin.
Introduction

Innermost stable circular orbits in General Relativity
Let us consider a classical test non-spinning particle moving at stable circular orbit around a central massive body. In Newtonian theory, this orbit can have arbitrary radius. This follows from the fact that the effective potential of particle always has minimum, for any value of particle angular momentum, and if angular momentum tends to zero the radius of stable circular orbit goes to zero too [2] , see Fig. 1 . All circular orbits are stable till zero radius, and in Newtonian theory there is no minimum radius of stable circular orbit [3] . In General Relativity (GR) the situation is different. The effective potential has a more complicated form, depending on the particle angular momentum, see Fig. 2 for the potential in the Schwarzschild metric. For large values of the angular momentum the effective potential has two extrema: maximum which corresponds to unstable circular orbit, and minimum which corresponds to stable circular orbit. With decreasing of angular momentum, radii of unstable and stable circular orbits become closer to each other. When angular momentum reach a boundary value, two extrema of effective potential merge into one inflection point. Radius and other values of the ISCO parameters (total angular momentum, energy, orbital angular frequency) are different in different metrics. For the Schwarzschild background the radius of ISCO equals to 6M 1 , it was found by Kaplan [3] , see also [4] . In the Kerr space-time circular motion is possible only in the equatorial plane of BH and the radius of ISCO depends on the direction of motion of the particle in comparison with the direction of BH rotation, whether they co-rotate or counter-rotate. Co-rotation and counter-rotation cases correspond to parallel and antiparallel orientation of vectors of the orbital angular momentum of the particle and the BH angular momentum. In a case of orbital co-rotation the ISCO radius becomes smaller than 6M , in case of counter-rotation -bigger, see Fig. 3 . For the case of the extreme Kerr back- 1 In this paper we use the system of units where G = c = 1, the Schwarzschild radius R S = 2M , and other physical quantities which will be introduced further have the following dimensionalities: ground the difference between these two variants is quite considerable: we have 9M for the antiparallel and M for the parallel orientation. The parameters of ISCO in the Kerr space-time for a nonspinning particle were obtained in works of Ruffini & Wheeler [5] and Bardeen, Press & Teukolsky [6] . This problem is described at length, for example, in the textbook by Hobson et al. [7] .
Spinning particles in General Relativity
In GR a rotation of the central gravitating body influences a motion of the particle orbiting it. Due to this reason the orbits of test particles in Kerr metric differ from orbits in Schwarzschild metric. When, in turn, a test particle has spin as well, it will also influence the particle's orbit. In particular, the motion of a spinning particle will differ from the non-spinning one even in the Schwarzschild background. The problem of the motion of a classical spinning test body in GR was considered in papers of Mathisson [8] , Papapetrou [9] and Dixon [10] [11] [12] , using different techniques. The equations of motion of a spinning test particle in a given gravitational field were derived in different forms; they are now referred to as Mathisson-Papapetrou-Dixon equations. From these equations it follows that the mo- tion of the centre of mass and the particle rotation are connected to each other, and when the particle has spin the orbits will differ from geodesics of a spinless massive particle.
The ISCO of spinning particles
Influence of a spin on the orbits in the Schwarzschild metric was investigated in the paper of Corinaldesi and Papapetrou [13] , and in the paper of Micoulaut [14] . A motion of a spinning test particle in Kerr metric was considered by Rasband [15] and Tod, de Felice & Calvani [16] , in particular ISCO radius was calculated numerically, see also papers of Abramowicz & Calvani [17] and Calvani [18] . Subsequently the number of works on this subject were published .
The detailed derivation of the equations of motion of spinning particle in Kerr space-time is presented in the work of Saijo et al. [22] . Method of calculation of ISCO parameters of spinning particle moving in Kerr metric is presented in details [37] . Linear corrections in spin for the ISCO parameters in Schwarzschild metric have been found by Favata [37] .
In paper of Jefremov, Tsupko & BisnovatyiKogan [1] we have analytically obtained the small spin corrections for the ISCO parameters for the Kerr metric at arbitrary value of Kerr parameter a. The cases of Schwarzschild, slowly rotating and extreme Kerr black hole were considered in details. For a slowly rotating black hole the ISCO parameters are obtained up to quadratic in a and particle's spin s terms. For the extreme a = M and almost extreme a = (1−δ)M Kerr BH we succeeded to find the exact analytical solution for the ISCO parameters for arbitrary spin, with only restrictions connected with applicability of Mathisson-PapapetrouDixon equations. It has been shown that the limiting values of ISCO radius and frequency for a = M do not depend on the particle's spin while values of energy and total angular momentum do depend on it.
In this work we review some results of our recent research of innermost stable circular orbits (ISCO) [1] and present some new calculations. ISCO radius, total angular momentum, energy, orbital angular frequency are considered. We calculate the ISCO parameters numerically for different values of Kerr parameter a and investigate their dependence on both black hole and test particle spins. Then we describe in details how to calculate analytically small-spin corrections to ISCO parameters for arbitrary values of a, presenting our formulae in different forms.
The motion of a spinning test body in the equatorial plane of a Kerr black hole
In the present treatment of the problem of spinning body motion in GR we use the so-called "poledipole" approximation [9] , in the frame of which the motion is described by the Mathisson-PapapetrouDixon (MPD) equations [8] [9] [10] [11] [12] 22] :
Here D/Dτ is a covariant derivative along the particle trajectory, τ is an affine parameter of the orbit [22] , R µ νρσ is the Riemannian tensor, p µ and v µ are 4-momentum and 4-velocity of a test body, S ρσ is its spin-tensor. The equations were derived under the assumption that characteristic radius of the spinning particle is much smaller than the curvature scale of a background spacetime [22] (see also [15] , [24] ) and the mass of a spinning body is much less than that of BH.
It is known, however, that these equations are incomplete, because they do not define which point on the test body is used for spin and trajectory measurements. Therefore we need some extra condition ('spin supplementary condition') to do that and to close the system of equations [13] . We use the condition of Tulczyjew [43] given by
The system of equations (1) with (2) in a general space-time admits two conserved quantities: particle's mass m 2 = −p µ p µ and the magnitude of its specific spin s 2 = S µν S µν /(2m 2 ), see [22] .
We will consider the motion of a spinning particle in the equatorial plane of Kerr metric (θ = π/2), which is given in Boyer-Lindquist coordinates by [4, 7] 
where a is the specific angular momentum of a black hole, Σ ≡ r 2 + a 2 cos 2 θ, ∆ ≡ r 2 − 2M r + a 2 . In this case there are two additional conserved quantities: total energy of the particle and the projection of its total angular momentum onto z-axis.
In case of the motion of a spinning particle in the equatorial plane, the angular momentum of a spinning particle is always perpendicular to the equatorial plane [22] . Therefore we can describe the test particle spin by only one constant s which is the specific spin angular momentum of the particle. Value |s| indicates the magnitude of the spin and s itself is its projection on the z-axis. It is more obvious to think of the spin in terms of the particle's spin angular momentum S 1 = smẑ which is parallel to the BH spin angular momentum S 2 = aMẑ, when s > 0, and antiparallel, when s < 0. Hereẑ is a unit vector in the direction of the z-axis and m is a mass of the particle [22] , [37] .
Saijo et al [22] have derived the equations of motion of a spinning test particle for the equatorial plane of Kerr BH. The equations of motion for the variables r, t, ϕ in this case have the form [22] (Σ s Λ sṙ ) 2 = R s ,
where
Hereẋ ≡ dx/dτ and the affine parameter τ is normalised as p ν v ν = −m [22] ; E is the conserved energy per unit particle rest mass, and J = J z is the conserved total angular momentum per unit particle rest mass which is collinear to the spin of a BH.
We can write the equation for radial motion in the form [37] , [15] 
We can consider the whole right-hand side of (6) as an effective potential. For the matter of convenience, let us further divide it by r 4 and define the effective potential as
3 Numerical calculation of ISCO parameters
The equations which define circular orbits are given by a system
In order to find the last stable orbit (ISCO) we need to demand additionally that the second derivative of the effective potential vanishes:
For the sake of convenience, we change variables and work not with r and J but with u = 1/r and x = J − aE, so the function V s (u; x, E) will be used. In new variables (see [1] for details), system of equations determining ISCO have the form
The explicit form of these equations is [1] :
These three equations form a closed system for three parameters of ISCO E, x and u, which are dependent only on the Kerr parameter a and particle's spin s. This system can be used for numerical calculation of E, x, u of ISCO at given a and s. Then, values of r and J can be found numerically by using r = 1/u and J = x + aE.
Another important characteristics of the particle circular motion is its angular velocity. The orbital angular frequency of the particle at the ISCO, as seen from an observer at infinity, is defined as
The values dϕ/dτ and dt/dτ are found from the second and the third equations in (4), where we should substitute values of r, E and J at a given orbit. To find the ISCO frequency Ω ISCO we need to use the ISCO values of r, E and J, see [37] . At given a and s the system lead to solutions both for co-rotating and counter-rotating case. Corotation means parallel orientation of particle's angular momentum J and BH spin a, J > 0; counter-rotation means antiparallel orientation, 
Analytical calculation of ISCO parameters, smallspin corrections
In paper [1] we have derived linear small-spin corrections for ISCO parameters for arbitrary a.
Parameters are written there with using variable u 0 = 1/r 0 which is inverse radius of ISCO for nonspinning particle. The scheme of calculation of all parameters are presented there, see text after formula (61) in [1] . Here, we rewrite all formulas in terms of r 0 . The scheme of calculation of ISCO parameters with linear small-spin corrections:
(i) Radius of ISCO. We need to solve equation for ISCO radius r 0 of non-spinning particle
and find r 0 . In this equation and all formulas below the upper sign corresponds to the antiparallel orientation of particle's angular momentum J and BH spin a (counter-rotation, J < 0), the lowerto the parallel one (corotation, J > 0). Solution of (14) can be found analytically, see [6] . To avoid large formulas, we write all other unknowns not as explicit functions of a but as explicit functions of a and r 0 , keeping in mind that r 0 can be found from Eq. (14) at arbitrary a. We need to notice that representation of all unknowns via r 0 given below could be rewritten in a different form using (14) , see [1] for different representations.
Linear correction is
Finally radius of ISCO for given a is
(ii) Energy of ISCO is:
tion we have obtained [1] :
s,
For the case of corotation we have considered nearly extreme Kerr BH with a = (1 − δ)M with δ ≪ 1, and have obtained:
(29) We see that in the case of a = M (δ = 0) the corrections, linear in spin, are absent in formulae for ISCO radius and frequency. This was also demonstrated in [17] . In the work [23] on basis of the numerical calculation, it was noticed that in the extreme Kerr background for the parallel case the magnitude of test-body's spin does not influence the radius of the last stable orbit and it always remains equal to M . We have succeeded in proving this analytically. We have obtained the exact (in spin) values of ISCO parameters for nearly extreme Kerr BH in case of corotation [1] :
From this solution we see that for δ = 0 (a = M ) the radius and the angular frequency are independent of the particle's spin s while the values of energy and total angular momentum depend on it.
It can be easily seen from the exact solution (30) that for extreme Kerr BH solution for energy and angular momentum diverges with s → −M/2. It shows that an approximation of test body does not work with such large values of s. Of course, limits of test body application depend on a, but we emphasize that all results beyond the approximation s ≪ M should be considered with big care, see [22] , [1] .
For a spinless particle the conserved quantity is the orbital angular momentum L z , whereas in the case of a spinning particle the conserved quantity is the total angular momentum J z , which includes spin terms [22] . In this case 'orbital angular momentum' at infinity L z can also be introduced as L z = J z − s, see [22] .
In the paper [1] we present formulae for a smallspin linear corrections for E, J and Ω at circular orbit with a given radius r. It can be seen that for r → ∞ the total angular momentum equals to J = J 0 +s, where J 0 is total angular momentum for non-spinning particle. In spinless case it consists of orbital angular momentum part only, therefore J 0 = L. This justifies the introduction of orbital momentum at infinity just as difference between J and s.
For circular orbits at finite radius (in particular, ISCO) orbital angular momentum cannot be defined by such simple way [22] . But using test body approximation s ≪ M allows us to use term 'corotation' and 'counterrotation' as terms for orbital motion.
If we use tentatively the orbital angular momentum in the form L z = J z − s for ISCO, we will get for the Schwarzschild case:
We see from (31) and (26) that increasing of positive s J leads to increasing of r ISCO and decreasing of orbital angular momentum L ISCO . At the same time the total angular momentum becomes bigger but it happens only due to increasing of its spin part.
Binding energy in the innermost stable circular orbit
Let us denote efficiency ε as the fraction of the rest mass energy that can be released in making the transition from rest at infinity to the innermost stable circular orbit [7] , in our units it is given by
Note that in our notations E is energy per unit particle rest mass. In other words the efficiency is the binding energy E bind at ISCO per unit mass. The efficiency shows how much energy can be released by radiation during the accretion process. For the Schwarzschild black hole and non-spinning test particle the efficiency equals to 0.057, and it reaches maximum for the extreme Kerr black hole -0.42 [7] , [44] . In the case of spinning test particles we can easily calculate the efficiency with using of expressions for E ISCO presented in (26) , (30) , see Fig. 12 .
For the Schwarzschild black hole (see (26) ) the efficiency is:
For extreme Kerr black hole in case of orbital corotation (see (29) ), the efficiency is: It means that in case when particle spin is parallel to the total angular momentum of particle and the black hole spins, the efficiency can be larger than 42 %. Note that the ISCO radius and angular frequency do not depend on spin in the case of extreme Kerr BH.
